Abstract. This paper is devoted to robust estimation based on dual divergences estimators for parametric models in the framework of right censored data. We give limit laws of the proposed estimators and examine their asymptotic properties through a simulation study.
Introduction
In engineering and biomedical sciences, parametric models are frequently used in analyzing survival data. This analysis is often complicated by the presence of right censoring. Typically right censored data arise in medical studies when patients cannot be followed to the event of interest.
A common parametric method of estimation is the maximum likelihood approach which is efficient if the specified parametric model is valid. However, in many situations in practice, there is no certainty that the data come from a specified parametric model and may, in fact, come from some neighborhood of the model. Likelihood based estimation procedures can lead to poor results when the underlying model is misspecified or contaminated. In such instances, the maximum likelihood is not robust against data or model inadequacies and the need for robust statistical techniques for estimation and testing has been stressed by many authors, we may refer to Huber (1981) , Hampel et al. (1986) , Maronna et al. (2006) and the references therein.
In this paper, we consider parametric estimation for right censored data with and without contamination, and try to balance the dual aims of robustness and efficiency using minimum divergence estimators.
1 Keziou (2003) and Broniatowski and Keziou (2009) introduced the class of dual divergences estimators for general parametric models, the procedure being based on the optimization of a new dual form of a divergence and includes the maximum likelihood as a benchmark. Toma and Broniatowski (2010) have proved that this class contains robust and efficient estimators and proposed robust test statistics based on divergences estimators.
A major advantage of the method is that it does not require additional accessories such as kernel density estimation or other forms of nonparametric smoothing to produce nonparametric density estimates of the true underlying density function.
The plug-in of the empirical distribution function is sufficient for the purpose of estimating the divergence in the case of i.i.d. data. For the right-censoring scenario, one can replace the empirical distribution function with the corresponding estimate of the cumulative distribution function based on the Kaplan-Meier estimate Kaplan and Meier (1958) . Thus in this situation one can also estimate the divergence measure without having to take recourse to nonparametric smoothing techniques in contrast with existing method, see Yang (1991) , Ying (1992) that need a nonparametric estimate of the true density function. Another feature of the proposed method is it flexibility, that is it leads to a wide class of M-estimators indexed by the divergence function and by some instrumental value of the parameter, called here escort parameter. Relevant choices induce efficiency and robustness properties of the proposed estimators.
The paper is organized as follows. In Section 2, we present the class of dual divergences estimators in the censored case. Asymptotic properties of the proposed estimators are derived in Section 3. We give a brief discussion on the choice of the escort parameter in Section 4. In Section 5, we present Monte Carlo simulation studies to show the performance of the proposed estimators from both robustness and small sample accuracy points of view. Proofs are deferred to the Appendix.
Dual divergences for censored data
The class of dual divergences estimators has been recently introduced by Keziou (2003) , Broniatowski and Keziou (2009) . In the following, we shortly recall their context and definition.
Recall that the φ-divergence between a bounded signed measure Q and a probability P on D, when Q is absolutely continuous with respect to P , is defined by
where φ is a convex function from ] − ∞, ∞[ to [0, ∞] with φ(1) = 0.
Well-known examples of divergences are the Kullback-Leibler, modified KullbackLeibler, χ 2 , modified χ 2 and Hellinger divergences, they are obtained respectively for
2 . All these divergences belong to the class of the so called "power divergences" introduced in Cressie and Read (1984) (see also Liese and Vajda (1987) chapter 2). They are defined through the class of convex functions
. So, the KL-divergence is associated to φ 1 , the KL m to φ 0 , the χ 2 to φ 2 , the χ 2 m to φ −1 and the Hellinger distance to φ 1/2 . We refer to Liese and Vajda (1987) for an overview on the origin of the concept of divergences in statistics.
Let X 1 , . . . , X n be an i.i.d. sample with p.m. P θ 0 . Consider the problem of estimating the population parameters of interest θ 0 , when the underlying identifiable model is given by {P θ : θ ∈ Θ} with Θ a subset of R d .
Let φ be a function of class C 2 , strictly convex and satisfies
By Lemma 3.2 in Broniatowski and Keziou (2006) , if the function φ satisfies: There exists 0 < η < 1 such that for all c in [1 − η, 1 + η], we can find numbers c 1 , c 2 , c 3 such that
3) then the assumption (2.2) is satisfied whenever D φ (P θ , P α ) is finite. From now on, U will be the set of θ and α such that D φ (P θ , P α ) < ∞. Note that all the real convex functions φ γ pertaining to the class of power divergences defined in (2.1) satisfy the condition (2.3). Take for example the exponential distribution with density
Under (2.2), using Fenchel duality technique, the divergence D φ (θ, θ 0 ) can be represented as resulting from an optimization procedure, this elegant result was proven in Keziou (2003) , Liese and Vajda (2006) and Broniatowski and Keziou (2009) . Broniatowski and Keziou (2006) called it the dual form of a divergence, due to its connection with convex analysis.
Under the above conditions, the φ-divergence:
can be represented as the following form:
where h(θ, α) : x → h(θ, α, x) and
According to Liese and Vajda (2006) , under the strict convexity and the differentiability of the function φ, it holds 6) where the equality holds only for s = t. Now, let θ and θ 0 be fixed and put t = p θ (x)/p θ 0 (x) and s = p θ (x)/p α (x) in (2.6) and (2.4) will follow by integrating with respect to P θ 0 .
Since the supremum in (2.4) is unique and is attained in α = θ 0 , independently upon the value of θ, define the class of estimators of θ 0 by
where h(θ, α) is the function defined in (2.5). This class is called "dual φ-divergence estimators" (DφDE's).
Let us now turn to the estimation using divergences in our setting. In the case of right censored data only Z = min (X, Y ) and δ = 1 {X≤Y } are observable. δ indicates whether X has been censored or not. The variables X i are randomly generated from the true distribution P θ 0 which is modeled by the parametric family {P θ , θ ∈ Θ}. Given a set (Z i , δ i ) , i = 1, . . . , n of independent copies of (Z, δ), it is then our goal to draw some inference on the true but unknown
Throughout the rest of the paper we will assume that the variable of interest X and the censoring variable Y are independent and G denotes the unknown distribution of censoring time Y . The distribution F of the observation Z = min(X, Y ), satisfies
Kaplan and Meier (1958) developed a nonparametric estimator for the survival function which is is a strongly consistent estimator of the target survival function under appropriate conditions (see Peterson (1977 ), Miller (1981 )
. . , n, are the n pairs of observations ordered over the Z (i) and 1 A denotes indicator function of A. If all δ i 's are equal to 1, P n reduces to the ordinary empirical distribution function P n .
Thus, in the right censoring context described above, we can replace P n in (2.7) by P n (x) which provides a consistent estimator of the true distribution function in this context. Therefore, for the right censoring situation the "dual φ-divergence estimators" (DφDE's), is defined by replacing P n in (2.7) by P n , that is
(2.8)
Following Stute (1995) , the Kaplan-Meier integral h(θ, α)d P n may be written as
The corresponding estimating equation for the unknown parameter is then given by
Formula (2.8) defines a family of M-estimators for censored data indexed by the function φ specifying the divergence and by some instrumental value of the parameter θ, called here escort parameter, see also Broniatowski and Vajda (2009) . The choices of φ and θ represent a major feature of the estimation procedure, since they induce efficiency and robustness properties.
An M-estimator of ψ-type is the solution of the vector equation:
where the elements of ψ(x; α) represent the partial derivatives of h(θ, α, x) with respect to the components of α.
The first extension of M-estimators to censored data was noted in Reid (1981) , she derived the influence function and then the asymptotic normality. Oakes (1986) considered M-estimators (2.10) with ψ(x; θ) = − log f (x; θ) and called them approximate MLEs (hereafter AMLE). Wang (1995) studied the strong consistency of M-estimators using the law of large numbers of the Kaplan-Meier integral developed by Stute and Wang (1993) and Stute (1995) . Wang (1999) extended asymptotic results for M-estimators to the censored case.
The Hellinger distance have been used by Yang (1991) and Ying (1992) . Estimation under misspecification have been considered by Suzukawa et al. (2001) . Basu et al. (2006) developed a robust estimation, adapting the robust density power divergence methodology of Basu et al. (1998) .
Asymptotic properties
In this section, we establish the consistency and asymptotic normality of the class of dual divergences estimators in the right censored situation.
For a distribution P , let τ P = sup {x : P (x) < 1} denote the upper bound of the support of P .
Assume that θ 0 is an interior point of Θ, the convex function φ has continuous derivatives up to 4th order and the density p α (x) has continuous partial derivatives up to 3th order (for all x λ − a.e). Hereafter,ṗ α will denotes the derivative with respect to α of p α , · the Euclidean norm, and, for a real valued function g, its total variation or variation norm is defined as
where the supremum is taken over all N and over all choices of {x j } such that
Let S be the d × d matrix with entries
We precise some notations for the asymptotic results in this section. The following quantities have been introduced in Stute (1995a) and Wang (1999) .
and their empirical counterparts
and, for i = 1, . . . , d,
where
⊤ denote the random variable defined as:
( 3.6) 3.1. Consistency. In Theorem 1 below, we prove that α φ (θ) exist and are consistent. We will consider the following conditions.
(R.0) τ P θ 0 ≤ τ G , where equality may hold except when G is continuous at τ P θ 0 , and, the probability mass of P θ 0 at τ P θ 0 :
(R.1) There exists a neighborhood N(θ 0 ) of θ 0 such that the first and second order
by some integrable functions. The third order partial derivatives (w.r.t α) of h(θ, α, x) are dominated on N(θ 0 ) by some P θ 0 -integrable functions and the matrices S and V are non singular;
These conditions are mild and can be satisfied in most of circumstances. The condition (R.0) ensures that X is observable on the hole of the support of P θ 0 . Note
In a large number of practical situations, τ P θ 0 = τ G = ∞, hence the condition (R.0) is satisfied.
Condition (R.1) is about usual regularity properties of the underlying model, it guarantees that we can interchange integration and differentiation and the existence of the variance-covariance matrices, it is similar to regularity conditions used in Keziou (2003) and Broniatowski and Keziou (2009) in the uncensored case.
Condition (R.2) is needed to apply the L.I.L in the proof of Theorem 1. The requirement that ψ(x; α) := ∂ ∂α h(θ, α) be of bounded variation is standard in Mestimation, see for instance Welsh (1989) . Keep in mind the assumed regularity conditions on the criterion function, that is, h(θ, α) in the present framework, to see that it holds for most regular models.
It is also noted that conditions (R.1) and (R.2) are independent of G.
Assume that conditions (R.0-2) hold, then as n tends to infinity, with probability one, the function α → h(θ, α) d P n attains its local maximum at some point α φ (θ) in the interior of B(θ 0 , n −1/3 ), which implies that the estimate α φ (θ) is consistent and satisfies
The proof of Theorem 1 is postponed to the Appendix.
In practice, to obtain the estimate α φ (θ), we use gradient descent algorithms in the optimization in (2.9). These algorithms depend on some initial parameter value of α.
Hence, it is desirable to prove that in a neighborhood of θ 0 there exists a maximum of h(θ, α) d P n which does indeed converge to θ 0 . Note that the initial parameter value may provide a local maximum (not necessarily global) of h(θ, α) d P n . The local and global estimates coincide if the function α ∈ Θ → h(θ, α) d P n is strictly concave and Θ is convex, see for instance Broniatowski and Keziou (2009, Remark 3.5) .
The aim of Theorem 1 is not to establish the optimal rate of the estimate but merely the existence and the consistency (a.s.) of the estimate. We have considered n −1/3 because it works well, indeed, in Taylor expansion (A.3), in the proof, the third term of the right hand side is O(1) only for this rate, which is the major key of the demonstration, for similar arguments in the estimation of copula models see Bouzebda and Keziou (2010) .
3.2. Asymptotic normality. In Theorem 2 below, we give the limit law of the estimates α φ (θ) under the following conditions. From now on,
Conditions (R.3-4) are essential for the asymptotic results of M-estimators in the censored case, see for instance Wang (1999) and Basu et al. (2006) in the case of density power divergence method.
Theorem 2. Assume that assumptions (R.0-4) hold. Then, as
The proof of Theorem 2 is postponed to the Appendix.
Adaptive choice of the escort parameter
Analogously as in the uncensored case, the very peculiar choice of the escort parameter defined through θ = θ 0 has same limit properties as the AMLE. The DφDE α φ (θ 0 ), in this case, has variance which indeed coincides with the AMLE for censored data. If θ is a real parameter, the asymptotic distribution of
is normal with mean zero and variance
whereṗ θ is the derivative with respect to θ of p θ and I θ 0 is the Fisher information matrix
Observe that if there is no censorship, that is G ≡ 0, the variance of α φ (θ 0 ) is 1
This result is of some relevance, since it leaves open the choice of the divergence, while keeping good asymptotic properties.
In practice, the consequence is that the escort parameter should be chosen as a the AML estimator of θ 0 , say θ n , which under the model is a consistent estimate of θ 0 . In turn we may expect that the resulting estimator α φ θ n inherits both good asymptotic properties under the model, and, under contamination through a tuning of the divergence index γ.
Consider the power divergences family Cressie and Read (1984) , the estimating equation (2.9) reduces to
where W in are the Kaplan-Meier weights. The estimate α φ (θ) is the solution in α of (4.2).
An improvement of the present estimate results in the plugging of a preliminary consistent estimate of θ 0 , say θ n , as an adaptive escort parameter θ choice. Let x be some outlier, the role of the outlier x in (4.2) appears in the term
The estimate α φ (θ) is robust if this term is stable. That is, if it is small when α is near θ 0 . If the escort parameter θ n is not a robust estimator, the ratio p θn (x) p θ 0 (x) can be very large, see Figure 1 . This is due to the fact that the outlier x will be more likely under P θn , that is θ n will lead to an over evaluation of p θn (x) with respect to the expected value under θ 0 , say p θ 0 (x). To guard against such situations, compensate through the choice of γ, this requires further investigation.
One proposal for the choice of the divergence, is to look for values of the tuning parameter γ to obtain a bounded influence function in the spirit of Toma and Broniatowski (2010) , we leave this issue open for future research.
We now prove that the subsequent estimator α φ θ n enjoys a limit normal law under the model, see Theorem 3 below.
Recall that, when θ = θ 0 , S = −φ ′′ (1)I θ 0 . Also, when α = θ = θ 0 , we have
and the matrix V defined in (3.6) is 
(ii) sup
∂α i ∂α j h(θ, θ 0 )dP θ 0 is continuous at θ = θ 0 , and
is continuous in x for θ in a neighborhood of θ 0 and lim
uniformly for θ in a neighborhood of θ 0 .
Condition (R.5) is related to Lemma 1 in Wang (1999) and ensures the convergence 
where V is defined in (4.4).
The proof of Theorem 3 is postponed to the Appendix.
Simulation
In this section, we present results of a simulation study which was conducted to explore the properties of newly proposed dual φ-divergence estimators (DφDE).
These estimators are also compared with some other methods, including maximum likelihood estimator (MLE), approximate maximum likelihood estimator (AMLE) and estimators based on density power divergence method (MDPDE).
Following Stute (1995) , the Kaplan-Meier integral h(θ, α)d P n may be written as Figure 2 presents the Kaplan-Meier estimator of the survival function for a randomly generated exponential sample exp(1) of size 100 with exp(1/9) as censoring distribution.
In this simulation study we will use the power divergences family Cressie and Read (1984) . In this case
Consider the lifetime distribution to be the one parameter exponential exp (θ) with density p θ (x) = θe −θx , x ≥ 0. The MLE of θ 0 is given by and the AMLE of Oakes (1986) is defined by
It follows that for γ ∈ R \ {0, 1}
Observe that this divergence leads to the AMLE, independently upon the value of θ.
To make some comparisons, beside dual φ-divergences estimators, we considered minimum density power divergence estimators of Basu et al. (2006) , (MDPDE's), recall that the density power divergence between g and another density f is
The values of γ are chosen to be −1, 0, 0.5, 1, 2 which corresponds to the well known standard divergences: χ 2 m −divergence, KL m , the Hellinger distance, KL and the χ 2 −divergence respectively. For the MDPDE's we take the following values of
A sample is generated from exp(1) and 0, 10, 25 of the observations are contaminated by exp(5) successively. We have used an exponential censoring scheme, the censoring distribution is taken to be exp(1/9), that the proportion of censoring is 10% . The DφDE's α φ (θ) are calculated for samples of sizes 25, 50, 75, 100 and the hole procedure is repeated 1000 times. The value of escort parameter θ is taken to be the AMLE. We carried out Kaplan-Meier analysis with the Survival package Therneau and original R port by Thomas Lumley (2009) for all considered values of β. As n grows up, the MDPDE's prevail.
Thus, the DφDE's are shown to be an attractive alternative to both the AMLE and MDPDE's in these settings. In the case of long-tailed contamination in the form of an exp(0.1) distribution, simulations results (not reported in this paper) emphasise that the MDPDE's are more robust than our proposed estimators.
In conclusion, without contamination the DφDE's express a good small sample size performance which is comparable to the AMLE and MDPDE's. For medium and large sample sizes the MDPDE's are preferable. Under main body contamination, the DφDE's are more powerful.
Concluding remarks
We have introduced a new estimation procedure in parametric models in the case of right censored data. The method is based on the dual representation of φ-divergences. The estimators are easily computed and exhibit appropriate asymptotic behaviour.
We have presented an adaptive choice of the escort parameter θ that leads to efficient and robust estimates. It will be interesting to investigate theoretically the problem of the choice of the divergence which leads to an "optimal " estimate in terms of efficiency and robustness. One approach is to minimize an estimated asymptotic mean squared error of the estimator when it is mathematically tractable, which is not an easy task in the context of censored data and lays beyond the scope of the present work.
Appendix A. Proofs A.1. Proof of Theorem 1. Under the assumptions (R.0), (R.1) and by applying the Strong Law of Large Numbers (SLLN) for censored data, see for instance Stute and Wang (1993) , Stute (1995) and Proposition 1 in Wang (1999) , we can see
and
Now, for any α = θ 0 + un −1/3 , with u ≤ 1, consider a Taylor expansion of h(θ, α) d P n in α in a neighborhood of θ 0 . Using (R.1), one finds
uniformly in u with u ≤ 1. Observe that,
On the other hand, under condition (R.2), by the LIL of Földes and Rejtő (1981) ,
Therefore, using (A.1) and (A.2), we obtain for any α = θ 0 + un −1/3 , with u = 1, n h(θ, α) d P n − n h(θ, θ 0 ) d P n = O n 1/6 (log log n) 1/2 − 1 2 n 1/3 S + O(1),
Observe that the right-hand side vanishes when α = θ 0 , and that the left-hand side, by (A.2), becomes negative for all n sufficiently large. Thus, by the continuity of α → h(θ, α) d P n , it holds that as n −→ ∞, with probability one, α → h(θ, α) d P n reaches its maximum value at some point α φ (θ) in the interior of B(θ 0 , n −1/3 ). Therefore, the estimate α φ (θ) satisfies (A.7)
Using the fact that P n ∂ ∂α h(θ, α φ (θ)) = 0 and a Taylor expansion of P n ∂ ∂α h(θ, α φ (θ)) in α φ (θ) around θ 0 , we obtain A.3. Proof of Theorem 3. By a Taylor expansion of P n ∂ ∂α h( θ n , α φ ( θ n )) in α φ ( θ n ) around θ 0 , we obtain 0 = P n ∂ ∂α h( θ n , α φ (θ)) = P n ∂ ∂α h( θ n , θ 0 ) + α φ ( θ n ) − θ 0
Taylor expansions of P n ∂ ∂α h( θ n , α φ ( θ n )) and P n ∂ ∂α h( θ n , θ 0 ) in θ n around θ 0 , and the √ n-consistency of θ n to θ 0 yield 0 = P n ∂ ∂α h(θ 0 , α φ (θ)) = P n ∂ ∂α h(θ 0 , θ 0 ) + α φ ( θ n ) − θ 0
Let U n := P n ∂ ∂α h(θ 0 , θ 0 ) and S n := P n ∂ ∂α h(θ 0 , θ 0 ). By the CLT √ nU n → N (0, V ), (A.10) where V is defined in (4.4).
Use condition (R.5) and the fact that S = −P θ 0 ∂ ∂α∂α ⊤ h(θ 0 , θ 0 ) = −φ ′′ (1)I θ 0 , in connection with Lemma 1 in Wang (1999) to conclude that
The theorem now follows from (A.10), (A.11) and Slutsky's theorem. This concludes the proof.
